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A bstract 
Bennett, F.E., J. Yin and L. Zhu, On the existence of perfect Mendelsohn designs with k = 7 
and 1 even, Discrete Mathematics 113 (1993) 7-25. 
Let v, k and I be positive integers. A (v, k, A)-Mendelsohn design (briefly (v, k, A)-MD) is a 
pair (X, 3) where X is a v-set (of points) and !?8 is a collection of cyclically ordered k-subsets of 
X (called blocks) such that every ordered pair of points of X are consecutive in exactly il blocks 
of 3. A set of k distinct elements {a,, a-,, . . . , ak} is said to be cyclically ordered by 
a,Ca,C.- ‘<a&a, and the pair a,, a,,, are said to be t-apart in a cyclic k-tuple 
(a,, az, . . . , ak) where i + I is taken modulo k. If for all t = 1, 2, . . . , k - 1, every ordered pair 
of points of X are t-apart in exactly )L blocks of 3, then the (v, k, A)-MD is called perfect and is 
denoted briefly by (v, k, A)-PMD. A necessary condition for the existence of a (v, k, A)-PMD is 
Av(v - 1) = 0 (mod k). In this paper, we shall be concerned mostly with the case k = 7 and il 
even. It will be shown ttat the necessary condition for the existence of a (v, 7, A)-PMD, 
namely Av(v - 1) = 0 (mod 7), is also sufficient for all even A 2 16, with at most 29 possible 
exceptions for the pair (v, A) where A is even and E. < 16. In the process, we shall also establish 
that the necessary condition v = 0 or 1 (mod 7) for the existence of a (v, 7, I)-PMD is also 
sufficient for all v 2 421 with at most 40 possible exceptions below this value, which improves 
the earlier results. 
1. Introduction 
The concept of a perfect cyclic design was introduced by N. S. Mendelsohn 
[22]. This concept was further developed and studied by various authors in 
subsequent papers (see, for example, [l-7, 15-16, 21-22, 281). In what follows, 
we shall adapt the modern terminology of Mendelsohn designs. 
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A set of k distinct elements (a,, a2, . . . , a,} is said to be cyclically ordered by 
a,Ca2<... <al, <a, and the pair ai, ai+, are said to be f-apart in a cyclic k-tuple 
(a,,a2,... , ak) where i + l is taken modulo k 
Let v, k and A be positive integers. A (v, k, A)-Mendelsohrz desigrl (briefly 
(v, k, il)-MD) is a pair (X, 3) where X is a v-set (of poitzfs) and 3 is a collection 
of cyclically ordered k-subsets of X (called blocks) such that every ordered pair of 
points of X are consecutive in exactly A blocks of 3. The (v, k, A)-MD is called 
r-fold perfect if each ordered pair of points of X appears f-apart in exactly il 
blocksforallf=1,2 ,..., r.A(k- 1)-fold perfect (v, k, A)-MD is called perfect 
and it is denoted briefly by (u, k, A)-PMD. 
In graph-theoretic terms, a (u, k, A)-MD is equivalent to the decomposition of 
the complete symmetric directed multigraph ilKz on 2r vertices into k-circuits. A 
(u, k, A)-PMD is equivalent to the decomposrtion of AX: into k-circuits such that 
for any r, lsrsk - 1, and for any two distinct vertices x and y, there are 
exactly il circuits along which the directed distance from x to y is r. Since AK: 
contains Au(u - 1) arcs and each block as a circuit contains k arcs, it is easy to see 
that the number of blocks in a (u, k, A)-PMD is &J(U - 1)/k. Consequently, an 
obvious necessary condition for the existence of a (u, k, h)-PMD is hu(u - 1) = 0 
(mod k). This condition is known to be sufficient in most cases, but certaintly not 
in all as demonstrated for k = 3, 4. and 5 (see [ 1,5-7, 211). 
In this paper, we shall bc concerned mainly with the case k = 7 and A even. It 
will be shown that the necessary condition for the existence of a (u, 7, A)-PMD, 
namely hu(u - 1) = 0 (mod 7), is also sufficient for all even A 2 16, with at most 
29 possible exceptions for the pair (u, A) where Ir is even and A < 16. In the 
process, we shall also establish that the necessary condition v - 0 or 1 (mod 7) for 
the existence of a (u, 7, I)-PMD is sufficient for all u 2 421 with at most 40 
possible exceptions below this value, which improves the earlier results contained 
in [3,5]. We also improve another result concerning the existence of pair-wise 
balanced designs (PBDs) with prime power block sizes congruent to 0 or 1 
modulo 7, which appears in [3] and may be of interest in its own right. If we 
denote by Q* the set of all prime powers congruent to 0 or 1 modulo 7, then it is 
shown that a PBD B(Q”, r* u) exists for all integers u 3 1415 where u = 0 or 1 
(mod 7). with at most 81 prjsl‘ble exceptions below this value. For convenience, 
the necessar:J condition for the existence of a (u, 7, A)-PMD can be reduced to 
the following. 
I.emma 1.1. A necessarv conditiorl for rhe existence of a (u, 7, A)-PMD is: 
(1) u=Ooor ! (mod7) for AS0 (mod7), 
(2) ua7forkO (mod7). 
Before proceeding to the next section, we inention some fundamental results 
from finite fields and elementary abelian groups. The following two results come 
from (4.221. 
Theorem 1.2. Le; p be an odd prime and r 2 1, then there exists a (p’, p, l)- 
PMD. 
Theorem 1.3. Let v = pr be any prime power and k > 2 be such that k 1 (v - l), 
then there exists a (v, k, l)-PMD. 
The following two theorems can be found in [6] (see also [28]). 
Theorem 1.4. If v is a prime power and v 3 k, then there exists a (11, k, I()-PMD. 
Theorem 1.5. If q = kn + 1 is a prime power, then there exists a (q + 1, k, k)- 
PMD. 
2. Preliminaries 
We shall employ both direct and recursive methods of construction in order to 
establish our main results. Our recursive methods will involve the use of product 
type constructions and the notion of pairwise balanced designs (PBDs) as well as 
mutually orthogonal Latin squares (MOLS) and their generalizations. We shall 
present only a brief description below and the interested reader may wish to refer 
to [8, 13,261 for more details. 
Let A and v be positive integers and K a set of positive integers. A pairwise 
balanced design (PBD) of index A, denoted by B(K, a; v), is a pair (X, 93) where 
X is a v-set (of points) and $3 is a collection of subsets of X (called blocks) with 
sizes from K such that every pair of distinct points of X is contained in exactly il 
blocks of 5% We shall denote by B(K, A) the set of all integers v for which there 
exists a PBD B(K 1 , h; v). A B(K, 1) wi!! simply be denoted by B(K). A set K is 
said to PBD-closed if B(K) = K. A PBD B({k}, I.; v), denoted briefly by 
B(k, A; v), is essentially a balanced incomplete block design (BIBD) with 
parameters v, k and A; that i;, a <v, k, A)-BIBD. 
Let a and v be positive integers and K and M be sets of positive integers. A 
group divisible design (GDD), denoted by GD(K, A, M; v), is a triple (X, 3, 3) 
where: 
(i) X is a v-set (of points), 
(ii) $3 is a collection of non-empty subsets of X (called groups) with sizes in M 
and which partition X, 
(iii) %I is a collection of subsets of X (called blocks), each with size at least two 
in K, 
(iv) no block meets a group in more than one point, and 
(v) each pairset {x, y} of points not contained in a group is contained in 
exactly il blocks. 
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The group-type (or type) of a GDD(X, 3, 223) is the multiset {ICI: G E 3) and 
we shall use the ‘exponential’ notation for its description, for example, a 
group-type 1’2’3” l l l denotes i occurrences of groups of size 1, j occurrences of 
groups of size 2, and so on. A weighting of a GDD(X, 5% 3) is any mapping 
w:X+Z+U(O}. A GD({k}, A, {m};u) will be denoted simply by 
GD(k, il, m; v). 
Let A, k and m be positive integers. A transversal design (TD). denoted by 
T(k, A; m), is a GDD GD(k, A, m; km) with km points, k groups of size m and 
Am’ blocks of size k where each block meets each group in precisely one point, 
that is, each block is a transversal of the collection of groups. The set of all 
integers m for which a TD T(k, A; m) exists will be denoted by T(k, II). 
Let (X, 98) be a PBD B(K, 1; v). A parallel class in (X, ,?J+?) is a collection of 
disjoint blocks of 223, the union of which equals X. (X, 53) is called resolvable if 
the blocks of 93 can be partitioned into para.,,: L iill1 -lasses. A GDD GD( K, 1, M; v) 
is resolvale if its associated PBD B(K U M, 1; v) is resolvable with M as parallel 
class of the resolution. 
It is fairly well known that the existence of a resolvable TD T(k, 1; m) (briefly 
RT(k, 1; m)) is equivalent to the existence of a T(k + 1, 1; m) or equivalently 
k - 1 mutually orthogonal Latin squares (MOLS) of order m. The following two 
results can be found in [17]. 
Theorem 2.1. For every prime power q, there exists a T(q -I- 1, 1; q). 
Theorem 2.2. Let m = p:lpsZ - . - pfr be the factorization of m into powers of 
distinct primes pi, then a T(k, 1; m) exists where k s 1 + min{pF}. 
We shall denote by N(m) the maximum number of MOLS of order m. From 
[8,9.27], we have the following useful result regarding sets of 6 MOLS. 
Theorem 2.3. N(m) 3 6 for any m > 76 or for 6 < m s 76 such that m is a prime 
power or m E (SO, 56,57,63,65, 69, 70, 72). For all such values of m, a 
T(8, 1; m) exists. 
It will bc convenient to adapt several notations. If k $ K, then B(K U 
{k*}, 1; V) denotes a PBD B(K U {k}, 1; u)which contains a unique block of size 
k and if k E K, then B(K U {k*}, 1; V) is a PBD B(K, 1; V) containing at least one 
block of size k. We shall sometimes refer to a PBD B(K, 1; V) as a (u, K, I)- 
PBD, and a GDD (X, 3, 2) will be referred to as a K-GDD if lB[ E K for every 
block B in 93. We shall define the followi.-rg sets. 
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B(k) = {v: a (v, k, l)-BIBD exists}, 
RB(k) = (v: a resolvable (v, k, l)-BIBD exists}, 
Rk = {r: (k - 1)r + 1 E B(k)}, 
R; = {r: (k -. 1)r + 1 E RB(k)}, 
Q*={q:q=Oor 1 (mod7)andqisaprimepower}, 
PA = {v: a (v, 7, A)-PMD exists}. 
We shall make use of PMDs with ‘holes’ (briefly HPMDs) and incomplete 
PMDs (briefly IPMDs). For a brief description, we denote by AK,*,,,,,_.,,,,, the 
complete multipartite directed multigraph with vertex set X = LJlsish Xi, where 
Xi (1 d i d h) are disjoint sets with IXil = ni v = C Isis,, ni, and where two vertices 
x and y from different sets Xi and Xj are joined by exactly A arcs from x to y and 3L 
arcs from y to x. 
If AK:,,,,, ,.._, ,I,, can be decomposed into k-circuits such that for any r, 
1 d r d k - 1, and for any two vertices x and y from different sets Xi and Xi there 
are exactly A circuits along which the directed distance from x to y is r, then we 
call (X, 3) a holey perfect Mendelsohn design (briefly denoted by (v, k, A)- 
HPMD), where B is the collection of all k-circuits. The set Xi, 19 i s h, is called 
a hole and the vector (n, , 1z2, . . . , n,) is called the type of the HPMD. A 
(v, k, A)-HPMD of type (1, 1, . . . , 1, n j is called an incomplete perfect Mendel- 
sohn design and denoted by (v, n, k, A)-IPMD. It is evident that a (v, k, A)-PMD 
is a (v, k, A)-HPMD of type (1, 1, . . . , 1). Moreover, WP, can construct PMDs 
from IPMDs by the obvious ‘filling in the hole’ construction, which we state as a 
generalization of [28, Theorem 5.11. 
Theorem 2.4. If there exist both a (v, n, k, A)-IPMD arsd an (n, k, A)-PMD, then 
there exists a (v, k, A)-PMD. 
We also have the following generalization of [28, Theorem 5.31. 
Theorem 2.5. If’ there exist a (v, k, A)-HPMD of type (n,, n2, e . . , n,) and an 
(ni + m, m, k, A)-IPMD for 2 1 L -C ‘d h, then there exists a (v + m, nl + m, k, A)- 
IPMD. Moreover, if there exists an (n, + m, k, A)-PMD, then there exists a 
(v + m, k, A)-PMD. 
In our constructions of GDDs and PBDs we quite often make use of the 
‘weighting’ technique and Wilson’s Fundamental Construction (see [26]), where 
we start with a ‘master’ GDD and small input designs to obtain a new GDD. 
Similar techniques app!y to the construction of HPMDs, where we either start 
with an HPMD and use GDDs as input designs, or start with a GDD and use 
some HPMDs as input designs. Our next two theorems are the obvious 
generalizations of [28, Theorems 7.1 and 7.21. 
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Theorem 2.6. Suppose there exists a Gla(kj A, m; km). Then the following hold: 
(1 j there exists an (mn. k, AA’)-HPMD of type (WV?, ml?,, . . , mn!,), if there 
is in (n, k, I’)-HPMD of type (11, , n,, . _ . , nl.!, and 
(2) there exists an (mn, k, AA’)-HPMD of type (m”), if there exists arz 
(n, k. A’)-PMD. 
Theorem 2.7. Suppose there exists a GD(K, A, M; v) with groups G,, GZ, . . . , 
Gh, where IGil = ni. 1 S i d h. 
(I) If for any block size u E K there is un (mu. k, A’)-HPMD of type 
(m,m,....m), then there exists an (mu, k, AA’)-HPMD of lype 
(mn,. mnZ, . . . , z??.Ej, J- 
(2) If for any block size u E K there exists a (u, k, A’)-_pMD, there there exists a 
(v, k, AA’)-HPMD of type (n,, nZ, . . . , n,). 
We shall also make use of the concept of MOLS with holes (HMOLS) (see, for 
example, [lo, 251). Let P= {X,, X2, . . . , X,,} be a partition of an n-set X. A 
holey Latin square, having partition P, is an rr x tt array L, indexed by X, 
satisfying the following properties: 
(1) a ceil of L either contains a.1 element of X or is empty, 
(2) the subarrays indexed by Xi X Xi are empty, for 1 < i d h (we refer to these 
subarrays as holes), 
(3) the elements occurring in row (or column) x of L are precisely those in 
X \ X, where x E Xl. 
We shall say that the type of L is the vector (tr,, II,, . . . , tzjl) where IX,/ = ni. 
Suppose L,, L, . . . , L, are holey Latin squares having partition P. If for any 
1 d i (id t, the superposition of Li and Lj yields every ordered pair in 
X’\Ursis/z Xi’, we shall call the set of Latin squares t hofey MOLS of order n 
with type (n,, n2, . . . , n,), denoted by t HMOLS(rr). 
The following result is contained in [5]. 
Theorem 2.8. Let k be an odd prime Suppose that there exist k - 2 HMOLS(rr) 
of type (n,. n, . . - , n,). Then there 
(kn,, knz, . . . , krq,). 
exists a (kn, k, l)-HPMD of type 
As a conseyuen,t A Theorem 2.5, we have the following, 
Theorem 2.9. Let k be an odd prime. Suppose thnt there exist k - 2 HMOLS(rr) 
of type (n,, n2. - - . . CQ,). Then we huve the following constructions: 
(1) The kn-construction: A (kn, k, I)-PMD exists if u (kni, k, I)-PMD exirrs 
for all i, 1 d i c h. 
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(2) The kn + I-comtruction: A (kn -I- 1, k, I)-PMD exists if a (kni -I- 1, k, I)- 
PMD exists for all i, 1 d i d h. 
We wish to make an importan, observation. The existence of k + 1 M0I.S of 
order n implies the existence of ii idemy -otent MOLS of order n (see [8]) and 
hence k HMOLS(n) of type (1, 1, . . . , l), that is, type 1”. 
3. PBD-Construction 
PBDs are of fundamental importance in the construction of various types of 
combinatorial structures. With regards to PMDs, we have the following basic 
lemma which can be viewed as the general form of [22, Theorem 2.91 (see also 
17,281) and as a special case of Theorem 2.7(2) where rzl = n2 = l - - = nh = 1. 
Lemma 3.1. Let v, k, k and A’ be posiiive integers. Suppose there exists a PBD 
B((k,, kz, . - . , k,), A; V) and for each ki there exists a (kiy k, A’)-PMD, then there 
exists a (v, k, &I’)-PMD. 
From Lemma 3.1 and Theorems 1.2 and 1.3, we readily obtain the following 
result concerning B(Q’“). 
Lemma 3.2. B(Q*) E P,. 
The spectrum of B(Q*) was investigated in [3] in order to establish the main 
result concerning the spectrum of P,. In this paper, the spectrum of P, will be 
improved by a variety of techniques. However, we shall also provide some 
improv-ments to the spectrum of B(Q*), which should be of independent 
interest. The main result concerning B(Q*) in [3] is essentially the following (see 
[3, Theorem 6.11). 
Theorem 3.3. Let Q* denote the set of all prime powers q = 0 or 1 (mod 7). Then 
v E B( Q *) for all positive integers v = 0 or 1 (mod 7) with the possible exception of 
104 values listed in Table 1. 
In VVL: Follows, we shall eliminate 2.3 of the possible exceptions from Theorem 
3.3. 
Lemma 3.4. (64, 120,232,288, 1184, 1352) c: B(8). 
Proof. The results are contained in [12,20,23,24]. Cl 













22 2s 35 36 42 70 77 
9s 99 105 106 126 133 134 
MS 154 155 161 162 168 175 
is9 190 196 217 218 224 231 
252 253 259 260 266 267 273 
288 294 295 315 316 322 329 
420 574 581 582 588 609 616 
10% 10s 10s 1092 1099 1106 1107 
ii27 1134 1162 ii69 ii?!2 1176 1197 
1260 1351 1372 1393 1400 1407 1414 
2135 
Lemma 3.5. If n E { 13,31. 357)) then there exists a GD(7, 1,7; 7n). 
Proofi See 114.191. Cl 
From the results in 1141, we also have the following. 
Lemma 3.6. 169 E B(7). 
Lemma 3.7. (63, 91, 119. 217, 2i8, 231, 280, 281, 287, 1099, 1176, 1351) c 
B((7,@)- 
Proof. The results follow from deleting 1, 7 or 8 points from a block of the 
appropriate existing (v, 8, l)-BIBDs in Lemma 3.4 or by adjoining 0 or 1 infinite 
point to the groups of the appropriate existing GDDs in Lemma 3.5. 0 
Lemma 3.8. If N(t) 2 6 and t + e E B(K U {e*}), then 7r+ w + e E B(A’ ‘j {(w + 
c”)*i) w-here 0 d w d t. Moreover, 7t + w + e E B(K) if w + e E B(K). 
Proof. In a TD T(8, 1; t), we delete t - w points from one group and adjoin e 
infinite points to the resulting GDD by forming a (t + e, K U {e*}, l)-PBD on 
each group of size t in such a way that the e infinite points become a common 
block in these PBDs. We then obtain a (7t + w + e, KU {(e + w)*), I)-PBD, and 
the other result follows. I3 
As an application of Lemma 3.8, we have the following. 
Lemma 3.3. { 1197, 1198, 1253, 2037, 2044, 2093, 2135) E B((7, 8)). 
roof. We apply Lemma 3.8 v:ith the appropriate parameters given in Table 2. 
Note that the conditions w + e E B( (7, 8}), t + e E B( (7, 8, e*}) and N(t) 3 6 are 
all satisfied from the results of Lemmas 3.4, 3.6-3.7, and Theorem 2.3. Cl 
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Table 2 
--m 
7t+w+e t w e w+e 
1s 
1197 162 56 7 63 
1198 162 57 7 64 
1253 162 112 7 119 
2037 274 112 7 119 
2044 279 90 1 91 
2093 286 90 1 91 
2135 288 119 0 119 
I 
It is known [26] that for any k > 2, the sets bi, and Rz are PBD-closed. 
Moreover, if k is a prime power, then iI is known +bat rpC + 1 E R,* ard so we have 
B(k + 1) c I?:. In particular, we have the following. 
Lemma 3.10. B(8) z I?;. 
We can apply Lemma 3.10 to get the following. 
Lemma 3.11. { 1393, 1400) E B({7,8}). 
Proof. From Lemma 3.4, we have 232 E B(8) and hence 232 E R3 from Lemma 
3.10. Evidently 1393 E RB(7), and by adjoining 7 infinite points to a (1393,7, l)- 
RBIBD, we readily obtain 1400 E B({?, 8)). Cl 
Lemma 3.12. (582, 1086) E B({7, 8,71, 127)) G B(Q*). 
Proof. In a T(9, 1; 11) we consider two ldisjoint blocks and delete all but one of 
the points from each of these blocks so as to obtain a GD({7,8,9}, 1, (9,lO); 83) 
of type 9’ lo*. Giving weight 7 to every point of this GDD, we obtain a 
{7,8}-GDD of type (63)’ (70)* to which we adjoin a new point to each group. 
This gives us 582 E B((7, 8, 64, 71)) E B({ 7, 8, 711). Similarly, we delete 8 points 
from each of two disjoint blocks in a T(9, 1; 19) to get a {7,8,9)-GDD of type 
(17)’ (18)*. Giving weight 7 to every point of this GDD, we obtain a {7,8$-GDD 
ot type (119)’ (126)*. We then adjoin an infinite point to the groups of this GDD 
to obtain 1086 E B((7, 8, 127}), using the fact that we have 120 E B(8) from 
Lemma 3.4. 
Lemma 3.13. 665 E B({7,8}). 
Proof. In a T(11, 1; 13), we delete 12 points from each of the last four groups 
such that no three of the remaining four pointu &p& c l 1 near together in any block. This 
gives a {7,8,9}-GDD of type (13)’ (1)4. G iving weight 7 to every point of this 
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design. we lbtain a {7,8}-GDD of type (91)’ (7)3. and consequently 665 E 
B({7.8>). 0 
Lemma 3.14. 295 E B( { 7,49*}) 5 B(7). 
Proof. In (111, Greig constructs a resolvable B(6, 1; 246); and by adjoining 49 
infinite points to this RBIBD, one point adjoined to each of the 49 parallel 
classes, we readily obtain the desired result. Cl 
Summarizing the above results, we have essentially established the following 
improvement of Theorem 3.3. 
Theorem 3.15. v E B( Q *) holds for all v = 0 or 1 (mod 7) with the possible 
exception of the 81 values not boldfaced in Table 1, of which 1414 is the largest. 
As an immediate consequence of Lemma 3.2 and Theo-em 3.15, we have the 
following. 
CoxoIIq 3.16. There exists a (v, 7, I)-PMD for all v = 0 or 1 (mod 7) with the 
possible exception of the 81 values not boldfaced in Table 1, of which 14 14 is the 
largest. 
4. The existence of (u ,7,1)-PMDs 
This section will be devoted to the further improvement of Corollary 3.16 and 
the results contained in ]3. Theroem 6.21 regarding the existence of (v, 7, 1)- 
PMDs. First of all, we shall apply Theorem 2.3 and Theorem 2.9 with k = 7. We 
essentially have the foliowing result. 
Lemma 4.1. Let v = 7m or 7m + 1 for any integer m > 76 or for 6 < m 6 76 where 
m is either a prime power or m E (50, 56, 57, 63, 69, 70, 2). Then there exists a 
(3, 7. I)-PMD. 
Proof. For all such m there exist 6 MOLS(m) and hence 5 HMOLS(m) of type 
1”. The existence of a (v, 7, I)-PMD for v = 7 or 8 is guaranteed from Theorems 
1.2 and 1.3. The result then follows from Theorem 2.9. 0 
I Corollary 4.2, 




There exists a (v, 7, 1)-PMD f or v E (77,78, 133,134, 161, 62, 
190,259,260,329,371} and for all v 2 539 where v = 0 or 
Lemma 4.1, making use of m E { 11, 19, 23, 25, 27, 37, 47, 53 > and 
On the existence of perftBct Mendelsohn designs 
Lemma 4.3. There exists a (49, 8, 7, l)-1PMD. 
Proof. We present the following direct construction. Let X = Zq, U {q: 0 6 i d 
7) and B consist of the following collection of blocks: 
CB= {(m;, 0, 6”‘, 3.6”‘, 22.6”‘, 14.6”‘, 1&6”‘):O~i~7} 
developed modulo 41. Then it is readily checked that (X, H, 93) is the desired 
(49,8,7, I)-IPMD, where H = (00~: 0 d i G 7) is the hole of size 8. 0 
Corolllary 4.4. There exists a (316, 7, l)-PMD. 
Proof. We start with a T(8, 1; 41) and delete 20 points from one group to obtain 
a {7,8}-GDD of type (41)’ (21)‘. This gives rise to a (308,7, I)-HPMD of type 
(41)’ (21)‘. We then apply Lemma 4.3 and Theorem 2.5 with rz, = 21, n2 = n3 = 
. ..=n = 41 and 
(29,7, ;)-PMD. 
m = 8 to obtain a (316,7, I)-PAAD, by making use of a 
Cl 
Lemma 4.5. There exists a (37, 6, 7, I)-IPMD. 
Proof. We present a direct construction as follows. Let X = Z3, U { 30;: 0 d i s 5} 
and B be the following collection of blocks: 
CB= {(m;, 0, 3”‘, 4.3”‘, 18.3”‘, 25.3”, 13.3”):O~i~5) 
developed modulo 31. Then is is readily verified that (X, H, 9) is the desired 
(37,6,7, l)-IPMD where H = (00;: 0 =S i c 5) is the hole of size 6. Cl 
Corollary 4.6. There exists a (246, 7, I)-PMD. 
Proof. We start with a T(8, 1; 31) and delete 8 points from a group to obtain a 
{7,8}-GDD of type (31)’ (23)‘. This gives rise to a (240,7, l)-HPMD of type 
(31)‘(23)‘. We then apply lemma 4.5 and Theorem 2.5 with n, = 23, n2 = nS = 
. . . = n, = 31 and m = 6 to obtain the desired (246,7, I)-PMD, making use of a 
(29,7, I)-PMD. Cl 
Theorem 4.7. There exists a (v, 7, l)-PMD for every positive integer v = 0 or 1 
(mod 7) with the possible exception of the 40 values listed in Table 3, of which 420 
is the largest. 
Table 3 
14 15 21 22 28 35 36 42 70 84 
85 98 99 105 106 126 140 141 147 148 
154 155 168 182 183 106 238 245 252 253 
266 267 273 274 294 3 15 322 364 378 420 
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5. The existence of (u, 7, A)-PMDs with A even 
\Ne shall make extensive use of the following obvious result. 
Lemma 5.1. If (I (v, k, A,)-PMD and CC (v, k, A?)-PMD exist, then there exists a 
(v, k, mil, + nA&PMD, where m and n are nonnegative integers. 
From Theorem 4.7 and Lemma 5.1, we have the following. 
Theorem 5.2. Let A be any positive integer. Then there exists a (v, 7, A)-PMD for 
every positive integer v = 0 or 1 (mod 7) with the possible exception of the 40 
values listed in Table 3. 
We shall need some auxiliary designs for our main results. The following two 
lemmas are contained in the proof of [13, Theorem 3.111. 
Lemma 5.3. For every m 2 1 and every A > 1, there exists a GD(7, A, m; 7m). 
Lemma 5.4. There exists a GD(8,2,4; 32). 
The following lemma is due to Greig [ 111. 
Lemma 5.5. tf q is an odd prime or prime power and q > 8, then there exists a 
GD(8,4,7; 74). 
We shall make use of the notion of a-resolvable block design (BIBD or GDD). 
An a-resolvable block design (X, 3) is a design that admits a partition of the 
blocks of 3 into cu-resolution sets. For every element of X, each a-resolution set 
has exactly CK blocks that contain that element. Note that for a = 1, the design is 
simply called resolvable as defined earlier. The following result is proved in [ 111. 
Lemma 5.6. If 16 t G 9, then there extits a 2-resolvable GD(7, 2, 7; 42t + 7). 
As an immediate consequence of Lemma 5.6, we have the following two useful 
lemmas. 
Lemma 5.7. if I s t s 9 and w E (7, 8). then there exists a GD{7,8}, 2, (7, w}; 
42t + 7 + w). 
Proof. We can appropriately adjoin w infinite points to 
GDDs of Lemma 5.6. 0 
Lemma 5.8. If 2 d t d 9 and w E { 14, IS}, then there 
(7, w); 42t + 7 + w). 
the existing 2-resolvable 
exists a GD((7, 8}, 2, 
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Proof. For 2 d I S 9 in Lemma 5.6, we can appropriately adjoin w = 14 or 15 
infinite points to the 2-resolvable GDDs to form the required GDD. q 
The following lemma is essentially proved in [2]. 
Lemma 5.9. Let Q, denote the set of all prime powers q 3 7. Then 1.1 E B(Q7) 
holds for all v ~-7, where v $ E = { 10, 12, 14, 15, 18, 20, 21, 22, 24, 26, 28, 30, 
33, 34, 35, 36, 38, 39, 40, 42, 44, 45, 46, 48, 51, 52, 54, 55, 60, 62). 
Combining Theorem 1.4, Lemmas 3.1, 5.1 and 5.9, we readily obtain the 
following. 
Lemma 5.10. Let E be as defined in Lemma 5.9 and n be any positive integer. 
Then there exists a (v, 7,7n)-PMD for every integer v s 7 where v $ E. 
We are now in a position to carry out our investigation of the spectrum of 
(v, 7, A)-PMDs, briefly PA, where A is even. For the most part our GDDs (or 
TDs) will come from Theorem 2.3, and Lemmas 5.3-5.8. However, the reader is 
referred to [11,13,14,20,29] for other existence results. We shall tacitly use 
Lemma 3.1. 
The necessary condition for v E Pz is clearly v = 0 or 1 (mod 7). In view of 
Theorem 5.2, we need only focus our attention on the values in Table 3. 
Lemma 5.11. If v E { 28, 85, 196, 322, 364)) then v E B (7, 2) G P2. 
Proof. The result that v E B(7, 2) is contained in [II, 131, and the conclusion 
follows from 7 E P, 0 
Lemma S.l.2. If v E (98, 99, 140, 141, 182, 183, 266, 2671, then v E 
B((7, 8>, 2) c 6. 
Proof. We apply Lemma 5.7 with t =2, 3, 4, 6 ad w E (7, S} to obtain 
v E B( (7, S} , 2) and the conclusion follows readily from { 7,8} E P, . Cl 
Lemma 5.13. if v E {245,315), then v E P2. 
Proof. For v = 245, we shall make use of Theorem 2.5 and Lemma 4.5. First of 
all, we start with a T(8, 1; 31) and delete 9 points from a group to get a 
(7, S}-GDD of type (31)‘(22)’ which gives rise to a (239,7,2)-HPMD of type 
(31)’ (22)‘. We then apply Lemma 4.5 and Theorem 2.5 with )z, = 22, n2 = n3 = 
. ..=n ,+ = 31 and m = 6 to obtain a (245,7,2)-PMD, making use of a (37,6,7,2)- 
IPMD and a (28,7,2)-PMD. For v = 315, we apply Theorem 2.~ and Lemma 
4.3. We start with a T(8, 1; 41) and delete ~1 points from a group to obtain a 
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(7,8)-GDD of type (41)‘(20)‘, which gives rise to a (307,7.2)-HPMD of type 
(41)7 (20)‘. We then apply Lemma 4.3 and Theorem 2.5 with n, = 20, n? = nJ = 
. . .=n K = 41 and m = 8 to obtain a (315,7,2)-PMD, making use of a (49,8,7,2)- 
IPMD and a (28,7,2)-PMD. This completes the proof. Cl 
Lemma 5.14. I’ v E: { 252,253)) then v E Pz. 
Proof. We start with a T(8, 1; 8) and delete one point so ~2 to form an {8}-GDD 
of type 7’. We then give every point of this GDD weigiat 4 dnd apply Lemma 5.4 
to obtain a GD(8,2,28; 252) which gives a (252,7,2)-HPMD of type (28)“. We 
can then fill in the holes of this HPMD with a (28,7,2)-PMD to obtain a 
(252,7,2)-PMD, and we can adjoin an infinite point to the HPMD and use a 
(29,7,2)-PMD to obtain a (253,7,2)-PMD by Theorem 2.5. iI 
Lemma 5.15. I’ v E { 378,420)) then v E P?. 
Proof. For v = 378, we start with a T(8, 1; 50) and delete 22 points from a group 
to obtain 378 E B( (7, 8, 28,50)}. Since (7, 8, 28, 50} c Pz, we readily obtain 
378 E Pz. For v = 420, we delete 28 points from a group of a T(8, 1; 56) to obtain 
420 E B({7,8,28,56}) E Pr. Cl 
Combining Theorem 5.2 with the results of Lemmas 5.1 l-5.15, we have 
established the following. 
Theorem 5.16. For every positive integer v = 0 or 1 (mod 7), v E P2 holds with the 
possible exception of the 21 values of v listed in Table 4. 
As an immediate consequence of Lemma 5.1 and Theorem 5.16, we can state 
the following more general resuh. 
Theorem 5.17. Let h be an even integer. For every positive integer v = 0 or 1 
(mod 7) with the possible exception of those’ values listed in Table 4, there is a 
(v, 7, A)-PMD. 
The necessary condition for v E Pj is v = 0 or 1 (mod 7). To complete the 
spectrum of Pd, we need only focus our attention on those values in Table 4. 
Lemma 5.18. If v E { 14, 15, 22, 35, 36, 42), then v E Pa. 
14 15 21 22 35 36 42 70 84 105 
106 126 147 148 154 155 168 238 273 274 
294 
Proof. From the existence of a (l&7,3)-BIBD, we obtain the existence of a 
(l5,8,4)-BIBD (see [ 13,201). This readily gives us a (15,7,4)-PMD since 8 E P,. 
If we delete one point from a (15,8,4)-BIBD, we get 14 E B( (7,8}, 4) c P4 since 
(7, 8) G P,. Since 22 E B(7, 4) (see [ 13,20]), we readily obtain 22 E P4. From [20] 
there exists a (36,8,4)-BIBD and, by deleting 0 or 1 point from this BIBD, we 
obtain (3536) E B({?, S}, 4) E Pq. From [13,20], we know that a (43,8,4)- 
BIBD exists. By deieting one point from this BIBD, we readily obtain 
42 E B((7, 8>, 4) s Pd. This completes the proof. Cl 
We shall now make use of Lemma 5.5 as follows. 
Lemma 5.19. If q > 8 is an odd prime or prime power, therl 
{7q, 7q + 1,7(q - I), 7(q - 1) + 1) z B((7,8}, 4) s I-$. 
Proof. To the existing GD(8,4,7; 7q) in Lemma 5.5, we may adjoin 0 or 1 point 
to the groups in order to obtain {7q, 7q + l} c B((7, 8), 4) c P4. Starting with 
the GD(8,4,7; 7q), we may delete one group and then adjoin 0 or 1 point to the 
groups of the resulting GDD so as to obtain {7(q - l), 7(q - 1) + l> c 
B({7,8}, 4) G p4. 0 
Corollary 5.20. I’v E (70, 84, 126, 154, 155, 168, 94}, then v E B((7, S}, 4) E Pd. 
Proof. We apply Lemma 5.19 with q E { 11, 13, 19, 23, 25, 43) to obtain the 
desired result. 0 
Lemma 5.21. If v E { 105, 106, 147, 148, 273,274}, then v E P4. 
Proof. We first apply Lemma 5.8 with f = 2, 3, and 6 and w E { 14, IS} to obtain 
the existing GD( (7, S}, 2, (7, w}; 42t + 7 + w). Since we have (7,8} s PI, it is 
clear that this GDD gives rise to a (42t + 7 + w, 7, 4)-HPMD of type (7)h’+1(~)1. 
And since (7, w} c P4, we readily obtain a (42t + 7 + w, 7, 4)-PMD and the result 
follows. q 
Lemma 5.22. 238 E Pd. 
Proof. We first delete one point from a (120,8, I)-BIBD to form an {8}-GDD of 
type (717). This gives rise to a (119,7,2)-HPMD of type (717). We then make xse 
of Lemma 5.3 and Theorem 2.6 with A = 2, m = 2 and k = 7 to obtain a 
(238,7,4)-HPMD of type (1417). Since 14 E Pd, we can fill in the holes of this 
HPMD to obtain 238 E P4. Cl 
Combining the results of Theorem 5.17, Lemma 5.18, Corollary 5.20 and 
Lemmas 5.21-5.22, we have the following. 
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Theorem 5.23. For every positive integer v = C m 1 (mod 7), v E P4 holds with the 
possible exception of v = 2 1. 
The spectrum of Ph is completely determined by the following result. 
Theorem 5.24. 1f v 5 0 or 1 (mod 7), then v E Ph holds. 
Proof. In (131, Hanani proved that v E B(7.6) holds for all v = 0 or 1 (mod 7). 
Since B(7, 6) E Ph, the result follows immediately. Cl 
As a consequence of Theorem 5.24 and Lemma 5.1, we can state the following. 
Theorem 5.25. If v = 0 or 1 (mod 7) and A is a positive integer such that A = 0 
(mod 6). then there exists a (v, 7, A)-PMD. 
Theorem 5.26. For every positive integer v = 0 or 1 (mod 7), v E Ps holds. 
Proof. Since Pr c P4, we need only consider the possible exception v = 21 in 
Theorem 5.23. The existence of a (22,8,8)-BIBD is guaranteed in [20]. By 
deleting one point from this BIBD, we readily obtain 21 E B((7, S}, 8) c PH. q 
Theorem 5.27. For every positive integer v = 0 or 1 (mod 7), v E PI0 holds with 
the possibk exception of v = 21. 
Proof. We combine the results of Theorems 5.23 and 5.24 and apply Lemma 
5.1. cl 
In order to complete the spectrum of P,4, we need to consider the possible 
exceptions contained in the set E from Lemma 5.10. 
Lemma 5.28. If v E { 10, 22, 28, 34, 40, 46, 52, 55}, then v E B(7, 14) c PI+ 
Proof. The result that v E B(7, 14) is contained m [ll] (see also [29]). The 
conclusion follows. 0 
Lemma 5.29. If v E { 14, 15, 21, 35, 36, 42}, then v E P,J. 
Proof. The result follows from combining Theorems 5.24 and 5.26 and applying 
Lemma 5.1. Cl 
Lemma 5.30. If v E ( 12, 20, 24, 33, 9)) then v E P,4. 
Proof. For v = 12 we observe that the existence of a (12,4,3)-BIBD implies the 
existence of a (12,8, 14)-BIBD by taking the complements of blocks (see, for 
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example, [ 131). Since 8 E P,, it follows that 12 E P,,. It is known (see [2O]j that 
20 E B(8, 14) and {24,33,40} c B(8, 7). We readily obtain {20,24,33} c P,4, and 
by deleting one point from a B(8, 7; 40) we obtain 39 E B( (7, S}, 7) c p7 c 
P,.!. 0 
Lemma 5.31. 30 E P, c P,,. 
Proof. We apply Theorem 1.5 with q = 29 to obtain a (30,7,7)-PMD. Cl 
Lemma 5.32. ff ZJ E { 44, 45, 48 > , flzerr v E P,j. 
Proof. First of all, it is known (see [20]) that there exists a (45,9,2)-I3IBD. By 
the deletion of 0 or 1 point from this BIBD, we readily obtain (44,451 E 
B({& 9>,2) c P,.& since {8,9} E P, by Lemma 5.10. The existence of a (49,8,7)- 
BIBD is guaranteed in [ 13, Lemma 4.11. By deleting one point from this BIBD, 
weobtain48EB({7,8},7)cP,cP1,. Cl 
Lemma 5.33. 51 E P, g P,+ 
Proof. We first start with a T(8, 1; 8) and delete 7 points from one group to 
obtain a {7,8}-GDD of type 7” 1 I. This gives rise to a (57,7,7, I)-IPMD, say 
(X U Y, Y, 3) where IX U Yi = 57, Y is the hole of size 7, and %’ is the collection 
of blocks. In this IPMD, we replace each element _Y E Y by one infinite point, say 
x, and let %* be the collection of blocks in the resulting design. We then 
construct a (50,7,6)-PMD based on the set X and having cti as its collection of 
blocks. It is then readily checked that (X U {x}, sf U %I*) is a (51,7,7)-PMD and 
the result follows. Cl 
Combining the results of Lemmas 5.10, 5.28-5.33, we have established the 
following. 
Theorem 5.34. For every integer v 3 7, v E P,4 holds with the possible yxceptiorz of 
v E { 18, 26, 38, 54, 60, 62). 
The spectrum of P,(, is completely determined in the following theorem. 
Theorem 5.35. For every positive integer v - 0 or 1 (mod 7), v E P,(, holds. 
Proof. In view of Theorem 5.26 and the fact that Py c f,(,, the result follows. q 
Our next theorem completely determines the spectrum of E,,. 
Theorem 5.36. For every positive irlteger v e 0 or 1 (mod 7). v E E,, holds. 
Proof. If u = 0 or 1 (mod 7) then u E Ph holds from Theorem 5.24. We also have 
v E Pia holds for ah v = 0 or 1 (mod 7) in Theorem 5.34. Consequently. WC’ can 
apply Lemma 5.1 to obtain u E R,, holds for all v = 0 or I (mod 7). 0 
Theorem 5.37. For every itzteger v 3 7, v E P,, holds. 
Proof. Since PI4 c Pz8, we need only consider the possible exceptions v E { 18, 26, 
38, 54, 60, 62) in Theorem 5.34. It is known (see [ 131) that { l&26,38} c_ 
B(8, 28) and we readily obtain { l&26,38} c Pz8, since 8 E P,. It is also known 
[20] that (56.66) c B( 11, 2). In a (56, 11,2)-BIBD we delete 2 points from one 
block to obtain 54 E B( (9. 10, 11). 2) c Pzs. since {9. 10, 11) 5 P,, in Theorem 
5.34. In a (66, 11.2)-BIBD. we delete 4 points from one block to obtain 
62 E B( {7, 8.9. 10, 1 I}, 2) c_ PzX. Similarly, in a (66, 11,2)-BIBD, we can delete ,3 
points from one block and 3 points from another one in such a way that no 5 
deleted points belong to a block of the BIBD. This gives 60 E 
B((7, 8,9, 10, ll}, 2) E P zH, and the proof of the theorem is complete. q 
Theorem 5.38. For every integer v 2 7, u E P,, holds. 
Proof. In [ 131, it is shown that u E B(7.42) for every integer u 2 7. The result 
follows immediately. Cl 
We are now in a position to prove the following main result. 
Theorem 5.39. ff u L 7 is m integer and A 2 16 is m evejl integer or A E 
{ 6, 8, 12}, then the necessary condition Av( v - 1) = 0 (mod 7) for the existence of u 
(v, 7, A)-PMD is also su&iciem. For even A -C 16, the rlecessary corlditiorz i,- also 
suficierzt, with the possible exception of at most 29 pairs (v, A). 
Proof. For A E (6.8, 12). the result follows from Theorem 5.25 and Theorem 
5.26. If A 3 16 is an even integer, we shall consider two cases separately. First of 
all. we consider the case A f0 (mod 7). Here the necessary condition for the 
existence of a (IV. 7, A)-PMD is u = 0 or 1 (mod 7). We can white A = 6n1 + tz, 
where m 2 0 and II E { 16, 18, 20). Now 21 E P( ,,,, ho!ds from Theorem 5.25 and 
z’ E P, holds from Theorems 5.25, 5.35-5.36. Consequently, we can apply Lemma 
5.1 to establish the existence of a (u, 7, A)-PMD for all the required A S- 16. Next, 
we consider the case of even A = 0 (mod 7). If A 2 16, then A can be expressed in 
the form A = 2Sn1 + j where tn a 0 and j E (28, 42). By combining Theorems 
5.37-5.38 and making use of Lemma 5.1, we can then establish the existence of a 
(u, 7, A)-PMD tor all v 3 7 and all even A - 0 (mod 7), A 3 28. The 29 possible 
exceptions of (v, A) for even A < 16 are noted in Theorems 5.16, 5.23, 5.27, and 
5.34. This completes the proof of the theorem. El 
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